A regular polyhedron of type {p, q} has at least 2pq flags, and it is called tight if it has exactly 2pq flags. The values of p and q for which there exist tight orientably regular polyhedra were previously known. We determine for which values of p and q there is a tight non-orientably regular polyhedron of type {p, q}. Furthermore, we completely classify tight regular polyhedra in terms of their automorphism groups.
Introduction
Abstract polyhedra are combinatorial objects that generalize the face-lattice of convex polyhedra. Those possessing the highest degree of symmetry are called regular polyhedra. The face-lattices of platonic solids, known since antiquity, are all regular in this sense, and there are infinitely many more regular abstract polyhedra.
In [1] , Marston Conder introduced the idea of a tight regular polyhedron: any regular polyhedron with q-valent vertices and p-gons as faces has at least 2pq automorphisms, and the polyhedron is called tight if it has precisely this number of automorphisms. Tight polyhedra were also studied by the first author in [4] . In [2] , Conder and the first author completely characterized the values of p and q of tight orientably regular polyhedra, and further generalized to higher-dimensional analogues.
In the present paper we characterize the degree q of the vertices and the number p of edges in a face of tight non-orientably regular polyhedra. We also take the work from [2] one step further in the following direction. For many values of p and q there are multiple non-isomorphic tight orientably regular polyhedra with p-gonal faces and q-valent vertices; here we determine the number of such polyhedra and describe their automorphism groups.
One of our main results is the following:
. There is a tight regular polyhedron of type {p, q} (that is, with p-gonal faces and q-valent vertices) if and only if one of the following is true:
(a) p and q are both even.
(b) p is odd and q is an even divisor of 2p.
(c) q is odd and p is an even divisor of 2q.
(d) p = 4 and q is an odd multiple of 3.
(e) q = 4 and p is an odd multiple of 3.
In the second and third cases, there is one such polyhedron up to isomorphism, and it is orientably regular. In the fourth and fifth cases, there is one such polyhedron up to isomorphism, and it is non-orientably regular.
In Sections 2 and 3 we review basic concepts and results on tight abstract regular polytopes and their automorphism groups. The classification of orientably regular and nonorientably regular polyhedra are obtained in Sections 4 and 5, respectively. Theorem 1.1 follows directly from the results in these two sections.
Background
Our definitions are mostly taken from [8, Chs. 2, 4] , with some minor modifications.
Definition of an abstract polyhedron
Let P be a ranked partially-ordered set with elements of rank 0, called vertices, elements of rank 1, called edges, and elements of rank 2, called faces. Let us say that two elements F and G are incident if F ≤ G or G ≤ F . By a flag we will mean a maximal chain (totally ordered set). The vertex-figure at a vertex F 0 is {G | G > F 0 }. Then, P is an (abstract) polyhedron if it satisfies the following properties:
(1) Every flag of P consists of a vertex, an edge, and a face (all mutually incident).
(2) Each edge is incident on exactly two vertices and two faces.
(3) The graph determined by the vertex and edge sets is connected.
(4) The vertex-figure at every vertex is isomorphic to the vertex and edge lattice of a connected 2-regular graph.
When considering finite polyhedra, the last property can be interpreted as vertex-figures being (finite) polygons, whereas the second and fourth properties imply that the faces are also polygons. As a consequence of the second and fourth properties above, given any flag Φ and i ∈ {0, 1, 2}, there is a unique flag Φ i that differs from Φ only in its element of rank i. We say that Φ i is i-adjacent to Φ (or simply adjacent to Φ if the rank i is unimportant).
In the remainder of the paper, let us drop the qualifier "abstract" and simply refer to polyhedra.
Given a face of a polyhedron, if it is incident to p edges, then it must also be incident to p vertices. These edges and vertices occur in a single cycle, and we say that the face is a p-gon. Similarly, if a vertex is incident to q edges, then it is also incident to q faces, occurring in a single cycle. In this case we say that the vertex-figure is a q-gon. If P is a polyhedron whose faces are all p-gons and whose vertex-figures are all q-gons, then we say that P has Schläfli symbol {p, q}, or that it is of type {p, q}. A polyhedron that has a Schläfli symbol is said to be equivelar.
If P is a polyhedron, then the dual of P, denoted P δ , is the polyhedron we obtain by reversing the partial order. If P is of type {p, q}, then P δ is of type {q, p}.
Given any convex polyhedron, the partially-ordered set of its vertices, edges, and faces, ordered by the usual geometric incidence, is an abstract polyhedron. Similarly, any face-toface tessellation of the plane yields an (infinite) abstract polyhedron. Indeed, every abstract polyhedron with finite faces and vertex-figures corresponds to a face-to-face tiling of some surface, which may or may not be orientable. The tiling, also called a map can be constructed by taking a topological p-gon (topological disk with its boundary divided in p segments) for each face F containing p edges. The p segments of the p-gon are labeled with the edges incident to F , in such a way that if two segments intersect in a point, the corresponding edges in the partial order have a vertex in common. The point of intersection is labeled by the common vertex. Since every edge belongs to two faces, it only remains to identify segments of the p-gons corresponding to the same edge in such a way that vertices with the same label are also identified.
On the other hand, some tilings fail to satisfy property (4) above, and therefore they do not correspond to abstract polyhedra.
Regularity and orientability
If P and Q are polyhedra, then a homomorphism from P to Q is a function that preserves incidence. We say that P covers Q if there is a surjective homomorphism ϕ from P to Q that also preserves rank and has the property that if flags Φ and Ψ are i-adjacent, then so are their images under ϕ. An isomorphism from P to Q is an incidence-and rank-preserving bijection. An isomorphism from P to itself is an automorphism of P, and the group of all automorphisms of P is denoted by Γ(P). There is a natural action of Γ(P) on the flags of P, and due to the connectivity of P, the action of each automorphism is completely determined by its action on any given flag.
We say that P is regular if the natural action of Γ(P) on the flags of P is transitive (and hence regular, in the sense of being sharply-transitive). Indeed, for convex polyhedra, this definition is equivalent to any of the usual definitions of regularity.
Since each automorphism of P is completely determined by its action on any particular flag, let us choose a base flag Φ of P. Then the automorphism group Γ(P) is generated by the abstract reflections ρ 0 , ρ 1 , ρ 2 , where each ρ i maps Φ to Φ i . These generators satisfy (at least) the relations ρ 2 i = 1 for all i and (ρ 0 ρ 2 ) 2 = 1. A regular polyhedron must be equivelar, and if its type is {p, q}, then ρ 0 , ρ 1 is dihedral of order 2p, and ρ 1 , ρ 2 is dihedral of order 2q. In other words, if P is a regular polyhedron of type {p, q}, then Γ(P) is a quotient of the string Coxeter group [p, q], with presentation
Let Γ = ρ 0 , ρ 1 , ρ 2 be a group such that the generators ρ i each have order 2 and such that (ρ 0 ρ 2 ) 2 = 1. Then we say that Γ is a string group generated by involutions of rank 3, which we will abbreviate to sggi. Now, for any I ⊆ {0, 1, 2}, we define Γ I = ρ i | i ∈ I . We say that Γ is a string C-group of rank 3 if it satisfies the following intersection condition:
If Γ is the automorphism group of a polyhedron, the group Γ I corresponds to the stabilizer under the automorphism group of the subset of the base flag consisting of elements with ranks not in I. In particular, ρ 0 , ρ 1 is the stabilizer of the base face, and ρ 1 , ρ 2 is the stabilizer of the base vertex. The intersection condition for Γ is a consequence of the definition of abstract polyhedron.
The automorphism group of regular polyhedron is a string C-group of rank 3. Furthermore, there is a natural way to reconstruct a regular polyhedron from its automorphism group and the generators ρ i . Indeed, regular polyhedra are in one-to-one correspondence with string C-groups of rank 3. Hence, every string C-group is the automorphism group of a (unique) regular polyhedron (see [8, Thm. 2E11] ).
We will frequently encounter a group that is clearly an sggi, but where it is unclear whether it is a string C-group. The quotient criterion below is often useful ([8, Thm. 2E17]): Proposition 2.1. Let Γ = ρ 0 , ρ 1 , ρ 2 be an sggi, and Λ = λ 0 , λ 1 , λ 2 a string C-group. If there is a homomorphism π : Γ → Λ sending each ρ i to λ i , and if π is one-to-one on the subgroup ρ 0 , ρ 1 or the subgroup ρ 1 , ρ 2 , then Γ is a string C-group.
We next state another criterion to determine that some sggi's are string C-groups:
Proof. Let N = (ρ 0 ρ 1 ) k and suppose that N is normal. Let us write ρ i for the image of ρ i under the canonical projection. Clearly ρ 0 , ρ 1 and ρ 1 , ρ 2 are both dihedral, and so by [8, Prop 2E16(a) ], it suffices to show that ρ 0 , ρ 1 ∩ ρ 1 , ρ 2 = ρ 1 . Consider an element in ρ 0 , ρ 1 ∩ ρ 1 , ρ 2 . We may write that element as g, where g ∈ Γ = ρ 0 , ρ 1 , ρ 2 . Then since g ∈ ρ 0 , ρ 1 , it follows that g ∈ ρ 0 , ρ 1 N, and the latter is the same as simply ρ 0 , ρ 1 . Similarly, since g ∈ ρ 1 , ρ 2 , it follows that g = h(ρ 0 ρ 1 ) mk for some h ∈ ρ 1 , ρ 2 and some m. But then g(ρ 0 ρ 1 )
−mk = h is an element of ρ 0 , ρ 1 , and so h belongs to the intersection ρ 0 , ρ 1 ∩ ρ 1 , ρ 2 . Since Γ is a string C-group, this means that h ∈ ρ 1 . Finally, g = h, so we see that g ∈ ρ 1 . Therefore, ρ 0 , ρ 1 ∩ ρ 1 , ρ 2 is contained in ρ 1 , and the reverse inclusion is obvious.
A dual argument proves the result if
Given a regular polyhedron P with automorphism group Γ(P) = ρ 0 , ρ 1 , ρ 2 , we define the abstract rotations σ 1 := ρ 0 ρ 1 and σ 2 := ρ 1 ρ 2 . Then the subgroup σ 1 , σ 2 of Γ(P) is denoted by Γ + (P), and called the rotation subgroup of P. The index of Γ + (P) in Γ(P) is at most 2, and when the index is exactly 2, then we say that P is orientably regular. Otherwise, if Γ + (P) = Γ(P), then we say that P is non-orientably regular. Indeed, a regular polyhedron is orientably or non-orientably regular in accordance with whether the underlying surface is orientable or not (when viewing the polyhedron as a map). A regular polyhedron P is orientably regular if and only if Γ(P) has a presentation in terms of the generators ρ 0 , ρ 1 , ρ 2 such that all of the relators have even length. As a consequence, we have the following: Proposition 2.3. Let P be a non-orientably regular polyhedron. If P covers Q, then Q is also non-orientably regular.
Proof. If P is non-orientably regular, then some odd relation holds in Γ(P), and the same relation must hold in Γ(Q).
From the properties of the automorphism groups of regular polyhedra and the definitions of σ 1 and σ 2 it follows that the rotation subgroups of orientably regular polyhedra satisfy
and the intersection condition σ 1 ∩ σ 2 = {1}. Indeed, σ 1 , σ 1 σ 2 and σ 2 are the stabilizers in Γ + (P) of the base face, base edge and base vertex of P, respectively. Just as we can reconstruct a regular polyhedron from its automorphism group, we can also reconstruct an orientably regular polyhedron from its rotation subgroup and specified generators σ 1 and σ 2 [9, Thm. 1]. Let us say that P has multiple edges if the underlying graph of P has multiple edges with the same vertex-set. (In other words, if there is a pair of vertices with more than one edge between them.) By regularity, if some pair of vertices has r edges between them, then every pair of vertices has either 0 or r edges between them. Polyhedra without multiple edges are particularly nice to work with combinatorially, in part because of the following property.
Proposition 2.4. If P is an orientably regular polyhedron with no multiple edges, then Γ + (P) acts faithfully on the vertex set of P.
Proof. Assume to the contrary that there is a non-trivial automorphism γ fixing each vertex. Since P has no multiple edges, γ must also fix every edge. In particular, γ fixes the base edge. Since γ fixes the base vertex and the base edge, that means that γ ∈ σ 2 ∩ σ 1 σ 2 , and by the intersection condition, it follows that γ is the identity.
Note that for p ≥ 3, the polyhedron with Schläfli type {p, 2} has no multiple edges and the reflection ρ 2 acts like the identity on the vertex set. These are the only polyhedra P with no multiple edges for which the full automorphism group Γ(P) does not act faithfully on the vertex set.
The dual of a regular polyhedron is itself regular. Furthermore, if Γ(P) = ρ 0 , ρ 1 , ρ 2 and
, then to obtain the defining relations of Γ(P δ ), we can simply change the defining relations of Γ(P) by replacing each ρ i with ρ 
Tight and flat polyhedra
It was shown in [4, Prop. 3.3 ] that a finite polyhedron of type {p, q} has at least 2pq flags. When it has exactly that many flags, the polyhedron is called tight (a term introduced by Marston Conder in [1] ). Proposition 4.1 of [4] showed that every tight polyhedron is also flat: every face is incident with every vertex. Furthermore, every flat polyhedron has a Schläfli symbol and is automatically tight as well.
A regular polyhedron P with Γ(P) = ρ 0 , ρ 1 , ρ 2 is flat if and only if Γ(P) = ρ 0 , ρ 1 ρ 1 , ρ 2 . Equivalently, P is flat if and only if Γ(P) = σ 1 ρ 1 σ 2 . Moreover, due to the intersection condition, if P is a flat polyhedron then any expression of an element of Γ(P) as σ
In the remainder of the paper, we will find it useful to use the generating set {σ 1 , ρ 1 , σ 2 } instead of {ρ 0 , ρ 1 , ρ 2 }. Let Γ = ρ 0 , ρ 1 , ρ 2 be an sggi and let σ 1 = ρ 0 ρ 1 , σ 2 = ρ 1 ρ 2 . In analogy with regular polyhedra, let us say that the group Γ is tight if Γ = σ 1 ρ 1 σ 2 . If the order of σ 1 is p and the order of σ 2 is q, then we will say that the group Γ is of type {p, q}.
The following results all help us determine when a group (or polyhedron) is tight. 
or of the form σ
Proof. The necessity is obvious. For sufficiency, we note that the assumption says that we may move any power of σ 1 left past any power of σ 2 . Since we also have ρ 1 σ
1 ρ 1 , we see that in any expression of a word in the generators of Γ, we may move every σ 1 to the left. Similarly, we may move every σ 2 to the right (since σ
2 ), and so any element of Γ can be written as σ Proposition 2.7. If P and Q are polyhedra of type {p, q} such that P covers Q, and if P is tight, then P ≃ Q.
Proof. Since P is tight, it has 2pq flags, and thus Q has at most 2pq flags. On the other hand, Q itself has Schläfli symbol {p, q}, and so it has at least 2pq flags. The result then follows.
Automorphism groups of tight regular polyhedra
Our goal is to find a complete classification of the tight regular polyhedra. In particular, we want to find, for each Schläfli symbol {p, q}, how many tight regular polyhedra there are of that type (up to isomorphism), and provide presentations for their automorphism groups. We will proceed by showing that certain relations must hold, and then that these relations suffice to define the group.
We will frequently use the following simple result:
Proof. We note that conjugation by ρ 1 inverts σ 1 and σ 2 , and it fixes ρ 1 (which is the same as inverting ρ 1 , since it is an involution). Therefore, conjugating the relation
n . Inverting both sides then gives the desired result.
For the second part we use the elements σ
1 , respectively. Using Equation (2) it can now be verified that σ 2 σ 1 also holds. Furthermore, Equation (2) holds in the automorphism group of any regular polyhedron. Thus, for any r, σ
, and by Proposition 2.6, it follows that this quotient is tight. Then by two applications of Proposition 2.5, we see that Γ is itself tight. Furthermore, note that the relations of Γ are all even. Now, let P be a tight regular polyhedron of type {p, q}. Then for some i and j, either the relation σ −1
holds. If P is orientably regular, it must be the former, since the latter relation is odd. The above analysis shows that this relation alone is enough to guarantee tightness, and so Γ(P) must be this quotient of [p, q] . On the other hand, if P is non-orientably regular, then the relation σ −1
hold, since otherwise, Γ(P) would be the group Γ above, all of whose relations are even.
So we see that for tight orientably regular polyhedra, their automorphism groups are single-relator quotients of string Coxeter groups. The same is not true, in general, of tight non-orientably regular polyhedra. However, two extra relations always suffice. We need the following lemmas.
Lemma 3.4. Let P be a tight non-orientably regular polyhedron, with Γ(P) = σ 1 , ρ 1 , σ 2 . Then, either the relation σ −2 for some a and b) , or such a relation holds in Γ(P δ ).
Proof. Since P is tight, either σ −2
In the first case, we are done. Otherwise, consider P δ . Each relation of Γ(P) yields a relation in Γ(P δ ) by fixing ρ 1 and replacing each σ k with σ
, and from this it follows (by Proposition 3.1) that σ
δ is also a tight non-orientably regular polyhedron, so Theorem 3.3 implies that the relation σ −1
for some i and j. Then, working in Γ(P δ ) and using Proposition 3.2 (b), we get that:
and so a relation of the desired type holds in Γ(P δ ).
Lemma 3.5. Let Γ = ρ 0 , ρ 1 , ρ 2 be an sggi with σ 1 = ρ 0 ρ 1 and σ 2 = ρ 1 ρ 2 . Suppose that Γ satisfies the relations σ −1 
It follows from Proposition 3.1 that σ
It follows that σ
and so σ b−2 2 is normalized by σ 1 . 
, for some choice of (i, j, a, b). Without loss of generality, let us assume that the first is true. It remains to show that Γ(P) is equal to ∆(p, q) (i,j,a,b) , and not to a proper quotient. For that, it suffices to show that ∆(p, q) (i,j,a,b) is itself tight. In light of Proposition 2.5, we may take the quotient by any normal subgroup generated by a power of σ 1 or σ 2 , and if that quotient is tight, then so is ∆(p, q) (i,j,a,b) . There are several such normal subgroups; in particular, Proposition 3. generate normal subgroups. Taking the quotient by these subgroups yields the group ∆(p ′ , q ′ ) (2,−2,−1,2) for some p ′ dividing p and some q ′ dividing q. Now, in this quotient, σ −2
, and therefore σ −3
2 holds, and so σ
, and thus σ 4 1 is normal as well. Taking the quotient by these subgroups yields ∆(4, 3) (2,−2,−1,2) . Using GAP [6] , we can verify that this group is tight; in fact, it is the group of the hemicube. It follows that ∆(p, q) (i,j,a,b) is tight, proving the claim. We see that every tight regular polyhedron has as its automorphism group one of the groups in Theorem 3.3 or 3.6. Furthermore, the given groups are always tight, in the sense that Γ = σ 1 ρ 1 σ 2 . Two things remain to be determined for each family of groups. First, for which values of the parameters is the group a string C-group? Second, under what conditions is the group actually of type {p, q}; in other words, when is there no collapse of the subgroups ρ 0 , ρ 1 and ρ 1 , ρ 2 ? The answer to these questions is quite dissimilar in the orientable case versus the non-orientable case, and we require fairly different methods for the two cases.
Tight orientably regular polyhedra
We first consider the classification of tight, orientably regular polyhedra. Part of the classification was completed in [2, Thm. Furthermore, it was proved in [2, Thm. 3.3] that if p or q is odd, then there is at most one isomorphism type of tight orientably regular polyhedra of type {p, q}. What remains to be determined is how many tight orientably regular polyhedra there are when p and q are both even, and to find presentations for their automorphism groups.
Let Λ(p, q) i,j be the quotient of [p, q] by the extra relation σ −1
We determined in Theorem 3.3 that if P is a tight orientably regular polyhedron of type {p, q}, then it has automorphism group Λ(p, q) i,j for some choice of i and j. For a given Schläfli symbol {p, q}, we need to determine which values of i and j make Λ(p, q) i,j the automorphism group of a tight orientably regular polyhedron of type {p, q}.
We are able to reduce the problem to the case where i = −1 or j = 1 using the following result. and setting q ′ = gcd(q, j − 1), shows that Λ(p, q ′ ) i,1 is the automorphism group of a tight orientably regular polyhedron of type {p, q ′ }.
In the other direction, suppose that Λ(p, q ′ ) i,1 and Λ(p ′
has type {p, q ′ }, it follows that σ 1 has order p in Λ(p, q) i,j , and since Λ(p ′ , q) −1,j has type {p ′ , q}, it follows that σ 2 has order q in Λ(p, q) i,j . Finally, since the cover from Λ(p, q) i,j to Λ(p ′ , q) −1,j is one-to-one on the facets and the latter is a string C-group, Proposition 2.1 implies that Λ(p, q) i,j is also a string C-group. So Λ(p, q) i,j is the automorphism group of an orientably regular polyhedron P of type {p, q}. Since the group Λ(p, q) i,j is tight (by Theorem 3.3), it follows that P is tight. Proposition 4.2 says that we may now turn our attention to the case where i = −1 or j = 1. In fact, we can make a further reduction, as follows. Recall that if H is a subgroup of a group G, the largest subgroup of H which is normal in G is called the core of H on G, and we shall denote it Core G (H). If Core G (H) is trivial, then we say that H is core-free in G. Now, if σ 2 is core-free in Λ(p, q) i,j , then the normal subgroup σ j−1 2 must be trivial, and so j = 1. Similarly, if σ 1 is core-free in Λ(p, q) i,j , then the normal subgroup σ i+1 1 must be trivial, and so i = −1. The converse, however, need not be true; for example, σ 2 2 is normal in Λ(4, 4) −1,1 , but σ 2 is not core-free. (Note here that Λ(4, 4) −1,1 is the automorphism group of the toroidal map {4, 4} (2,0) with the notation in [3] .)
There is a nice combinatorial interpretation of what it means for σ 2 to be core-free in Γ(P). We start by remarking that σ 2 is core-free in Γ(P) if and only if it is core-free in Γ + (P), since ρ 1 and ρ 2 normalize any subgroup σ k 2 , and so if σ 1 (= ρ 0 ρ 1 ) normalizes such a subgroup, then so does ρ 0 . Therefore, we can work with Γ + (P) instead.
Let P be a tight orientably regular polyhedron of type {p, q}, and let Γ + (P) = σ 1 , σ 2 . Let v be the base vertex of P and consider the action of σ 2 on the vertices of P. (We will be using right actions.) The generator σ 2 fixes v while cyclically permuting the neighbors of v (and acting on the neighbors of the neighbors, etc.). Consider a neighbor u of v, and let q ′ be the smallest positive integer such that σ 2 fixes u and one of the neighbors of u (namely, v), it must fix every neighbor of u. Proceeding in this manner and using the connectivity of P, we see that σ q ′ 2 fixes every vertex of P. Moreover, any automorphism that fixes every vertex must lie in σ 2 (since σ 2 is the stabilizer of the base vertex), and it follows that σ q ′ 2 is exactly the subgroup of Γ + (P) that fixes every vertex. It is now immediate that σ
We claim that σ
, then let u be a vertex such that uσ a 2 = u and b ∈ Z such that vσ
, and so σ a 2 is not normal in Γ + (P).
Whether or not a tight orientably regular polyhedron has multiple edges is related to whether σ 2 has a nontrivial core. Let P be an orientably regular polyhedron of type {p, q}, and let σ q ′ 2 be the core of σ 2 . Our previous analysis shows that σ q ′ 2 must fix every vertex. Then Proposition 2.4 implies that if P has no multiple edges, σ q ′ 2 must be the identity, and so the core is trivial. On the other hand, suppose P has multiple edges, and let v be the base vertex as before. Let u be a neighbor of v, and let e 1 and e 2 be edges between u and v. By the regularity of P, there is some even automorphism ϕ that sends the pair (v, e 1 ) to (v, e 2 ), and since ϕ fixes v it must be a power of σ 2 . Furthermore, in order to send e 1 to e 2 , it must be the case that ϕ fixes u. Then by the same argument as before, ϕ fixes every vertex, which means it lies in the subgroup σ q ′ 2 , and so the core is nontrivial. Summing up, we have shown the following: Proposition 4.3. Let P be an orientably regular polyhedron. Then P has no multiple edges if and only if σ 2 is core-free in Γ(P).
We now have a refinement of Proposition 4.2. Our first step will then be to find all tight orientably-regular polyhedra of type {p, q} with no multiple edges.
Tight orientably regular polyhedra with no multiple edges
It is well-known that there is a family of orientably regular polyhedra with Schläfli type {p, 2} for every p ≥ 3, with precisely one polyhedron for each such Schläfli type. None of them has multiple edges. In what follows we shall determine the remaining tight orientably regular polyhedra with no multiple edges.
In the results that follow, we will generally assume the following, which we call the usual setup (see Figure 1) . Let Q be a tight orientably regular polyhedron of type {p, q}, with q ≥ 3, and suppose that Q has no multiple edges. Let us fix a base face F 1 and label the vertices with elements of Z p in such a way that iσ 1 = i + 1. The flag Φ will consist of the vertex 1, the edge between 0 and 1, and the face F 1 . Let F 2 be the other face containing the edge between 0 and 1, and let k be the other vertex of F 2 that is adjacent to 1 (so that 0σ 2 = k). Proof. A tight polyhedron of type {p, q} has p vertices, and each vertex has q neighbors; so in order to have no multiple edges, it must be that p > q, proving part (a).
Recall that the base flag Φ consists of vertex 1, the edge between 0 and 1, and F 1 . The involutory automorphism γ = ρ 0 σ k 1 maps Φ to the flag Ψ consisting of vertex k, the edge between k and k + 1 and the face F 1 . Note that γ fixes F 1 and maps respectively the vertices 0 and 1 to k + 1 and k. Then F 2 := F 1 σ 2 is mapped to a face F ′ sharing the edge between k and k + 1 with F 1 , and both F 2 and F ′ contain the edge between 1 and k. Let Υ be the flag containing vertex 1, the edge between 1 and k, and the face F 2 . Then γ maps Υ to the flag containing vertex k, the edge between 1 and k, and
But Q is orientable, and γ is an odd automorphism. So it must be that F ′ = F 2 so that γ maps Υ to Υ 0 . Hence F 2 contains the edges between 0 and 1, between 1 and k, and between k and k + 1. Now, the automorphism σ k 1 fixes F 1 , and it maps the edge between 0 and 1 to the edge between k and k + 1. Since F 1 and F 2 share both of those edges, it follows that σ k 1 also fixes F 2 . Therefore, F 2 also contains the edge between k + 1 and 2k, since that is the image of the edge between 1 and k. Finally, an inductive procedure shows that F 2 contains the edge between nk and nk + 1 and the edge between nk + 1 and (n + 1)k for every n. In particular, F 2 shares every other edge with F 1 . If p were odd, then F 2 would have to share every edge with F 1 . Then there could only be two faces, which would imply that q = 2. Since q ≥ 3, the parameter p must be even. Furthermore, this means that F 2 shares half of its edges with F 1 , and half of its edges with some other face. By regularity, every face must share its edges with only two distinct faces, which means that in the dual of Q, every vertex has only two neighbors.
Just as F 2 shares half of its edges with F 1 , the face F 1 shares half of its edges with F 2 . If F 1 shared two consecutive edges with F 2 , then it would have to share all of them (by regularity), and so it must share every other edge with F 2 . Since the two faces share the edge between 0 and 1, it follows that, for every i, they share the edge between 2i and 2i + 1 but not the edge from 2i to 2i − 1. Since they also share the edge between k and k + 1, it follows that k is even, proving part (d). Part (e) immediately follows. 
Proof. The automorphism σ 2 sends vertex 0 to vertex k and fixes 1. Proceeding clockwise around F 1 and applying σ 2 gives us the vertices of F 2 in clockwise order. From Lemma 4.5, the clockwise order of the vertices in F 2 is (1, 0, −k + 1, −k, −2k + 1, −2k, . . . , k + 1, k), and part (a) follows. For part (b), note first that since Lemma 4.5 says that every vertex of the dual of Q has only two neighbors, it follows that Core Γ + (Q) ( σ 1 ) = σ 
Therefore 2s
2 ≡ 2 (mod p); that is, s 2 ≡ 1 (mod p/2). Now, F 1 σ 2 = F 2 and therefore, with the labeling of vertices as in Lemma 4.6, 2σ 2 = 0, 1σ 2 = 1, 0σ 2 = k, (p − 1)σ 2 = k + 1 and so on. Then 0 = 2σ 2 = 0σ 
Lemma 4.6 establishes the order of the vertices in F 2 , which is the face sharing the edge between 0 and 1 with F 1 , and it determines the action of σ 2 on the vertices. It follows from Proposition 2.4 that, in order to characterize all tight orientably regular polyhedra with no multiple edges, we only need to determine all possible values of p and k. (Note that the value of q plays no role on the expressions of σ 1 and σ 2 .) Lemma 4.6 (b) imposes a strong condition on the value of k. The following lemma suggests how restrictive this condition is. The proof is straightforward and omitted, but see [5, Section 1.2] for the number a(n) of solutions of x 2 = 1 in Z * n . Lemma 4.7. Let P be a prime and n a positive integer, and let X P,n be the set of integers
In general, if p = P α 1 1 · · · P αs s with P 1 , . . . , P s distinct primes and
We now obtain q from p and k. The value of q is the order of σ 2 , or alternatively, the smallest positive m such that 2σ 
which by Lemma 4.6 (b) is equivalent to
Therefore q is the smallest positive m satisfying (3). Now we are ready to state our main results about tight orientably regular polyhedra with no multiple edges. Proof. From Equation (3) we know that if q is odd then 2 ≡ (k/2 − 1)(q − 1) (mod p). Multiplying both sides by (k/2 + 1) yields that k + 2 ≡ ((k/2) 2 − 1)(q − 1) (mod p), and since (k/2) 2 ≡ 1 (mod p/2) and q is odd, it follows that k + 2 ≡ 0 (mod p); in other words, the only choice for k is k = p − 2. Substituting in Equation (3) we obtain that −2(q − 1) ≡ 2 (mod p) and hence p divides 2q. Since p is even and p > q (by Lemma 4.5), it follows that p = 2q. Such a polyhedron is unique up to isomorphism since k is determined by the value of p and by the fact that q is odd.
This result is also a consequence of [2, Thm.3.4] , since if p is a proper divisor of 2q then p ≤ q and Q must have multiple edges. 
Proof. Part (a) follows from Lemma 4.5 (b). From Equation (3) we have that (k −2)q/2 ≡ 0 (mod p). This implies that (k/2−1)q/2 ≡ 0 modulo p/2. This is equivalent to (k/2 − 1)q/2 ≡ 0 (mod 2 α 1 −1 ) and (k/2 − 1)q/2 ≡ 0 (mod P 
From Lemma 4.7 (b) we know that k/2 ≡ ±1 modulo P
i , then in order to satisfy the right hand side of Equation (4), P α i i must divide q/2, and any even value of q with this property will work. Otherwise, if P α i i divides k/2 − 1 then any even q satisfies the right hand side of Equation (4).
Since q/2 is the smallest positive integer satisfying that (k/2 − 1)q/2 ≡ 0 modulo p/2, the only factors of q/2 are those required by the restrictions in the previous two paragraphs. In particular, if k/2 ≡ 1 (mod 2 α 1 −1 ) (resp. to 2 α 1 −2 − 1, 2 α 1 −2 + 1 or −1) then q/2 is odd (resp. 2 α 1 −1 , 4 or 2 α 1 −1 is the maximal power of 2 dividing q), implying (b). Furthermore, if i ≥ 2 and k/2 ≡ 1 (mod P α i i ) then P i does not divide q, implying (c). Hence all factors of q are also factors of p and (d) holds.
We are now ready to fully characterize the tight orientably regular polyhedra with no multiple edges. Proof. We already know by Proposition 4.8 that if q is odd then p = 2q and k = −2.
If q ≥ 4 is even then we find k/2 ∈ Z p/2 as a solution of the congruences
if P i is odd and it does not divide q, k/2 ≡ −1 (mod P
if P i is odd and it divides q.
This gives a unique solution (mod p/2) unless α 1 ≥ 4 and 2 α 1 −1 divides q, where there are two solutions. Multiplying by 2 we obtain k.
It remains to be shown that there exists a tight regular polyhedron for all such parameters p and k. Having chosen p, q, and k, Lemma 4.5 describes the order of the vertices around F 2 , and Lemma 4.6 describes the action of σ 2 on the vertices (and in particular, it describes the neighbors of vertex 1). We need to show that these choices actually yield a polyhedron. Arguing analogously to Lemma 4.5, it can be shown that if x and y are two consecutive neighbors of 1, then the order of the vertices in the face determined by these adjacencies is (1, y, y − x + 1, 2y − x, 2y − 2x + 1, 3y − 2x, . . . , x − y + 1, x). In other words, half of the edges go from a vertex i to i + y − 1, and half go from a vertex j to j − x + 1. With the q faces defined that way it is easy to verify that every edge belongs to precisely two such faces, as a consequence of the fact that if x is a neighbor of 1 then so is 2 − x (by applying the automorphism ρ 1 ). It also follows that the order of the faces around neighboring vertices is the same, just reversing the orientation. This shows that these q faces suffice and that the diamond condition and strong flag connectivity hold.
We conclude by describing the automorphism groups of the polyhedra we have found. We determined earlier that the automorphism group of a tight orientably regular polyhedron with no multiple edges is Λ(p, q) i,1 for some choice of i. Labeling the vertices as usual (using some parameter k), we have that
which implies that kσ 
Full classification
We now return to the discussion of determining all tight orientably regular polyhedra of type {p, q}. Corollary 4.4 implies that all such polyhedra cover tight orientably regular polyhedra with types {p, q ′ } and {p ′ , q}, with the property that the former and the dual of the latter have no multiple edges. On the other hand, there is only one tight orientably regular polyhedron of type {p, q} having such quotients. Proposition 4.11. Let P and Q be tight orientably regular polyhedra of type {p, q} such that both cover a polyhedron of type {p, q ′ } with no multiple edges, and a polyhedron of type {p ′ , q} whose dual has no multiple edges, for some q ′ dividing q and some p ′ dividing p. Then P and Q are isomorphic.
Proof. We know that Γ(P) = Λ(p, q) i,j and Γ(Q) = Λ(p, q) i ′ ,j ′ for some i, i ′ , j, j ′ . We need to show that i = i ′ and j = j ′ .
Let K 1 and K 2 be the polyhedra with types {p, q ′ } and {p ′ , q}, respectively. Then Γ(
Clearly K 1 and K 2 are quotients of P (and of Q) by σ 
, and by Proposition 3.1, this is equivalent to the relation σ −1 Note that it is always possible to pick i = −1 and j = 1; indeed, this is the group named Γ(p, q) in [4] , and it is the group of the polyhedron {p, q | 2} (see [8, p. 196] ). It is clear that if there are many tight orientably regular polytopes of type {p, q} then the factorizations of p and q in primes have several factors in common. On the other hand, whenever p and q are relatively prime, the only tight orientably regular polytope of type {2p, 2q} is {2p, 2q | 2} with group Λ(2p, 2q) −1,1 .
Tight non-orientably regular polyhedra
We now consider the classification of tight, non-orientably regular polyhedra.
In Theorem 3.6, we saw that every tight non-orientably regular polyhedron P of type {p, q} has automorphism group Γ(P) = ∆(p, q) (i,j,a,b) or its dual, where ∆(p, q) ( Proof. Without loss of generality, let N = σ 2 1 and suppose that N is normal in Γ(P). Then by Proposition 2.2, Γ(P)/N is a string C-group, and therefore it the automorphism group of a polyhedron Q of type {2, q}. Proposition 2.3 says that since P is non-orientably regular, so is Q. But there is only a single polyhedron of type {2, q}, and it is orientably regular. Thus, N cannot be normal after all.
We now work to find restrictions on the parameters (i, j, a, b). We start with several technical lemmas. 
On the other hand,
It follows that σ Proof. In ∆(p, q) (i,j,a,b) , the relations σ . Using these relations and the fact (from . Since P is a polyhedron, σ 1 ∩ σ 2 = {1}, and it follows that 2a − 2 ≡ 0 (mod p) and that (2j − 2b + 2) ≡ 0 (mod q). Now, without loss of generality, 0 ≤ a ≤ p − 1. So, since 2a ≡ 2 (mod p), it follows that either a = 1 or a = 1 + p/2. If a = 1, then we have that Similarly, we have that 2b ≡ 2j + 2 (mod q), and by Lemma 5.2, 2b ≡ 4 (mod q). Therefore, 2j + 2 ≡ 4 (mod q), and so 2j ≡ 2 (mod q). Thus, either j = 1 or j = 1 + q/2. Now, if j = 1, then Proposition 3.2 (b) says that N = σ 3 2 is normal. In the quotient of Γ(P) by N, the order of σ 1 is still p, and we have that . Since Γ(P) is a string C-group, Proposition 2.2 implies that Γ(P)/N is a string C-group as well, and so again σ 1 ∩ σ 2 = {1}. So 2 + p/2 ≡ 0 (mod p), from which it follows that p = 4. So if p = 4, then j = 1 + q/2. Now as in the case of tight orientably regular polyhedra, we consider the core of σ i in the automorphism groups of tight non-orientably regular polyhedra. Whenever σ 1 and σ 2 are not core-free in ∆(p, q) i,j,a,b , we can take the quotients of ∆ by the two cores to obtain two tight non-orientably regular polyhedra. As in the orientable case, we could reconstruct ∆(p, q) i,j,a,b from these two quotients. The difficulty is that, unlike in the orientable case, some polyhedra with σ 2 core-free might have multiple edges.
Let us illustrate what goes wrong. Let v be the base vertex, and suppose that φ ∈ σ 2 fixes some neighbor u of v. Since φ also fixes v, it follows that φ fixes all neighbors of v. If φ acts like a rotation around u, then it is also the case that since φ fixes u and one of its neighbors, it must fix all neighbors of u. Proceeding in this way shows that φ fixes every vertex. Now, when we are dealing with orientably regular polyhedra, any φ in σ 2 acts as a rotation around each fixed vertex. On the other hand, for non-orientably regular polyhedron, there is no such restriction. The automorphism φ could act as a reflection at u. The only way for this to work is if φ acts like a reflection around a line through u (otherwise, φ would not be in σ 2 when setting u as the base vertex). This can only happen if the polyhedron has double edges and φ = σ q/2 2 . This is illustrated in Figure 2 , where the two flags labeled Ψ are identified, and φ maps flag Φ into flag Ψ by a half-turn around u, but also by a reflection by a vertical line through v.
Examples of this situation are the duals of the polyhedra with automorphism groups ∆(4, q) 2,1,3,2 for any q divisible by 3. It is easy to see that in the polyhedron with group ∆(4, q) 2,1,3,2 , each square face shares opposite edges with another square, implying that the dual has double edges. On the other hand, it is easy to verify that σ 1 is core-free in ∆(4, q) 2,1,3,2 .
